
Exercises 1

The boundary of the dyadic tree.

1. Let T2 be the infinite dyadic tree and @T be its boundary; �2@T , �=f�jgj=01 , with �j2E(T ),
�0=! being the pre-root. Show that

�T(� ; �)= 2−maxfm>1:�j=�j for all j61g

is the distance on @T which is associated to the weight w(�j)=2−j−1.
Show that (@T ; �T) is a perfect, totally disconnected set.
Show that it has Hausdorff dimension 1 and that for each �2E(T ):

H1(f�:�2 [o; �)g)=H1(fS(�)g)= 2−d(b(�);o);

where d(b(�); o) is the level of � (prove it for �=!, then use isometries).

2. To each � 2 @T , � = f�jgj=01 , associate �(�) = �= f�jgj=11 , where �j=0 if �j points to the
left, and �j=1 if �j points to the right, and let

�(�)=
X
n=1

1
�n
2n
:

Show that �: @T ! [0; 1] is a 1-Lipschitz map, which is onto, but not 1− 1 (hence, not
biLipschitz). Where does it it fail to be injective?

Show that �: (@T ;H1)! ([0; 1]; dx) is measure preserving.

3. Suppose that �> 0 is an atomless, Borel measure on [0; 1], and let ��(�)(E)= �(�(E)) for
any Borel subset of @T . Show that ��(�) is a well defined Borel measure on @T .

Capacity of @T for a finite tree T .

� Compute the capacity of @T for the following trees, and draw the corresponding square

tilings.

� Compute the capacity of @T w.r.t. the edge ! knowing its capacity w.r.t. the edge �:

� Compute the capacity of the (infinite) �hairy stick�:
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